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DQWCA Let Vi, Vo, - Vi, W be vectpr wpaces. A function
£V xVy x xVe—> W is called yultilinear if it is licear 1n each of the k QrGurren’s

When the Temaining arguments are Fived: Eg. in the first <lot this means: for each Salar
and foreqach vi,v/e Y, %V,Jr\/l/,vl).../vp) = o F(v, Ve, Vi) + T Ve, V)
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@, ©) — ab

Exercise: The Set of all multilinear maps Mult (\/,x\/zx---x\/,< ,W> IS a vector space-

WQ Seck a pultihnear map deb llzhx R x - Tflq—" R, A= [ViVa, o, ¥n] = det A
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Theorem: There is exactly one function from nxn matriceS 5 R that

(1) is multilinear in Columns GI) vanishes when two odjacent Columns are equal @) (s 1 on T

\/\/e all such functions “alter nating”

Strateqy: Fyst prove Uniqueness by show)na a forced formula. Then Show that this formula satisfies 1,0 ond]IL.

E flect o column Gperations On any Multilinear alterrating § (ie-§ satisfying I and ﬂ)

O) Scaling a column scales £ by same scalar: ]C(---nCV.',--): ¢ §(-ni,) by finearity
in slot i
@ Exdﬁangmg ong fwo Columns changes Sign ¢f T. We do this in fwo steps

« Swapping adjacent columns: let’s Show Fouw s, ) = = F (v, v, )
Standard drick: consider F(Vitve, W+, Vs;"')' This is O by I and also equals sum of
four terms by linearity in first two Slots. Two of the four ferms are O by II, giving the 1oSUlT -
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- Swapping any two calumns i<j. This con be achieved by

a succession of adjacent Swaps. How many ? Answer 2(j-1) |
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By linearity inSlot i O by (2)
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N
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For j=1,-n Sum of N terms
Unleﬂ {GT/U)Z;/O_):\_} = {1)2)"'/0} l-e- UnleSS gyg; - - 0,
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becCause Sdme € repeats Ingiole f There fore

HM = 2> OOT'Q(TZZ'“%\H JE(QOT»%)"'/Q%)
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permaation of 1,0 Sum of N terms

and each f(eq»%,"',%> = <“l>5f(1denﬁtj matrix)
where S = number of adjacent swaps used



to convert 0o oh 1o 12--1
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